Abstract A boundary layer analysis is carried out to study the influences of second order slip, viscous and Ohmic dissipations on steady two dimensional, incompressible flow of water based nanofluid over a stretching/stretching sheet embedded in a thermally stratified porous medium with inertia effect in the presence of magnetic field. The governing boundary layer nonlinear PDEs are transformed into nonlinear ODE's using scaling transformation. The transformed equations are solved numerically by the fourth order Runge-Kutta method with shooting technique. Moreover, analytical solutions are presented for a special case. A unique solution is obtained for stretching sheet and dual solutions are found for shrinking sheet which depend on the suction parameter and local inertia coefficient. The effects of physical parameters on the dual solutions, temperature profile, local skin friction coefficient and the reduced Nusselt number are discussed. Comparisons are found to be good with benchmark solution. 
Introduction
The improvement of heat transfer performance is very much important in the view of energy conservation in a system.
Conventional heat transfer fluids such as water and oils have limitation in enhancing the performance and the compactness of systems because of its low thermal conductivity. The thermal conductivity of the solids is higher than liquids. An innovative and new technique to augment heat transfer is to use solid particles in the base fluid (i.e. nanofluids) in the range of sizes 10-50 nm. Abu-Nada et al. [1] analyzed the natural convection heat transfer enhancement in horizontal concentric annuli filled by nanofluid. Due to nanofluids wide applicability in biomedical, optical and electronic fields, considerable interest has been in the nanofluid boundary flow problems .
Numerous industrial and environmental systems including geothermal energy systems, fibrous insulation, heat exchanger design, geophysics, and catalytic reactors involve the convection flow through porous media. The non-Darcian porous medium model is an extension of the classical Darcian model which includes vorticity diffusion, tortuosity inertial drag effects and combinations of these effects [23] . The DarcyForchheimer (DF) model is probably the most popular modification to Darcian flow utilized in similarity inertia effects. Inertia effect is accounted through the inclusion of a velocity squared term in the momentum equation, which is known as Forchheimer's extension. Pal and Mondal [24, 25] considered the non-Darcy Forchheimer's flow model over a stretching surface in their publications. Recently, Anwar et al. [26] studied the Darcy Forchheimer's flow over a moving vertical surface in a thermally stratified medium in ordinary fluids.
The study of magnetic field effects has important applications in physics, chemistry and engineering. Industrial equipment, such as magnetohydrodynamic (MHD) generators, pumps, bearings and boundary layer control are affected by the interaction between the electrically conducting fluid and a magnetic field [27, 28] . Viscous dissipation is quite often a negligible effect, but its contribution might become important when the fluid viscosity is very high. It changes the temperature distributions by playing a role like an energy source, which leads to affected heat transfer rates. Anjali devi and Ganga [29] studied the effects of viscous and Joules dissipation on MHD flow past a stretching porous surface embedded in a porous medium for ordinary fluid. The effects of thermal radiation and viscous dissipation on boundary layer flow of nanofluids over a moving flat plate were studied in [30, 31] . Very recently, Ganga et al. [32] investigated the viscous and Ohmic dissipations on magnetohydrodynamic radiative flow of nanofluid over a vertical plate in the presence of internal heat generation/absorption.
In micro-electro mechanical systems the fluid flow behavior does not obey the no-slip boundary condition because of the micro-scale-dimension of the devices and also when the fluid is particulate such as emulsions, foams, polymer solutions and suspensions the no slip condition is not-suitable. Keeping this in view, second order slip effects on the fluid flow over a stretching/shrinking surface have been analyzed by [33] [34] [35] [36] . Rosca and Pop [37] investigated the effect of second order slip on boundary layer flow of micropolar fluid over a shrinking sheet. Very recently, Abdul Hakeem et al. [38] studied the second order slip effects on MHD flow of water based nanofluid over stretching/ shrinking surface in the presence of thermal radiation.
As per author's knowledge no work has been done in the problem of second order slip flow and heat transfer of nonDarcy radiative flow of nanofluid over a stretching/shrinking surface with viscous and Ohmic dissipations. This fact motivates us to suggest the same for the present investigation. The governing boundary layer nonlinear partial differential equations are transformed into nonlinear ordinary differential equations using scaling transformation. The transformed equations are solved numerically by the fourth order RungeKutta method with shooting technique.
Mathematical formulation
Consider the steady, laminar, two-dimensional, radiative incompressible viscous water based nanofluid flow over stretching/shrinking sheet embedded in a saturated nonDarcian porous medium with viscous and Ohmic dissipations in the presence of internal heat generation/absorption. A uniform magnetic field of strength of B 0 applied normally to the sheet. The magnetic Reynolds number is assumed to be small so that the induced magnetic field can be neglected. The sheet is of temperature T w ðxÞ and is embedded in a thermally stratified medium of variable ambient temperature T 1 ðxÞ where T w ðxÞ > T 1 ðxÞ. It is assumed that T w ðxÞ ¼ T 0 þ bx and T 1 ðxÞ ¼ T 0 þ cx. Where T 0 is the reference temperature, a; b > 0 and c P 0 are constants. The fluid is a water based nanofluid containing different types of spherical metallic [gold (Au), copper (Cu), silver (Ag) and aluminum (Al)] and nonmetallic [aluminum oxide (Al 2 O 3 ) and titanium oxide (TiO 2 )] nanoparticles. It is assumed that the nanofluid experiences a second order slip at the sheet surface and also it is assumed that the base fluid and the nanoparticles are in thermal equilibrium and no slip occurs between them (see Fig. 1 ). The thermo physical properties of the nanofluid are considered as [38] ( Table 1 ). The continuity, momentum and energy equations governing the above stated problem under usual boundary layer approximation are written as
where x is the coordinate along the sheet, u is the velocity component in the x direction, y is the coordinate perpendicular to the sheet, v is the velocity component in the y direction, k is the permeability of the porous medium, C b is the form of drag coefficient which is only depended on the geometry of the medium and independent of other physical properties of the fluid. The second and third terms on the right hand side of momentum equation stand for the first-order (Darcy) resistance and second-order porous inertia resistance, respectively. The constant C b = ffiffiffi k p is called the Forchheimer number. The momentum equation is reduced to Darcy's law if the Forchheimer number equals to zero. In the energy equation, T is the local temperature of the fluid, T 1 is the temperature of the fluid far away from the sheet, Q is the temperature-dependent volumetric rate of heat source when Q > 0 and heat sink when Q < 0 dealing with the situations of exothermic and endothermic chemical reactions respectively and q r is the radiative flux.
Using Rosseland approximation for radiation (see Abdul Hakeem et al. [39] ) we have
Here, r Ã is the Stefan-Boltzmann constant and k Ã nf is the absorption coefficient of the nanofluid. Further, we assume that the temperature difference within the flow is such that T 4 may be expanded in a Taylor series. Hence, expanding T 4 about T 1 and neglecting higher order terms we get,
Therefore Eq. (3) is simplified to
where q nf is the effective density of the nanofluid, l nf is the effective dynamic viscosity of the nanofluid, qC p À Á nf is the heat capacitance and k nf is the thermal conductivity of the nanofluid are given as [8, 38] 
Here, / is the solid volume fraction. The boundary conditions of Eqs. (1)- (3) are
where d ¼ 1 denotes stretching and d ¼ À1 denotes shrinking sheets, respectively. a is a constant, U slip is the slip velocity at the wall and v w is the wall mass transfer velocity. The Wu's second order slip velocity model (valid for arbitrary Knudsen numbers, K n ) [33, 34] is given by
where l ¼ min½1=K n ; 1; a is the momentum accommodation coefficient with 0 6 a 6 1 and k is the molecular mean free path. Based on the definition of l, it is noticed that for any given value of K n , we have 0 6 l 6 1. The molecular mean free path is always positive. Thus we know that B < 0 and hence the second term in right hand side of Eq. (11) is a positive number. By introducing the following non-dimensional variables
Eqs. (1), (2) and (6) take the following non-dimensional form Table 1 Thermo-physical properties of water and nanoparticles [40] . 
with the boundary conditions
where
is the porous med- 
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and the corresponding boundary conditions in Eq. (16) become
Now using the scaling group G of transformations, we get the scaling transformations
Now using the scaling group transformations in Eqs. (17) and (18) we get
and the corresponding boundary conditions are
;c 5 ¼ c 3 c 4 and c 6 ¼ c 4 =c 1 .
3. An analytical treatment on flow field and heat transfer for a special case
It may be noted that the closed form solutions for the momentum equation can be found in the absence of local inertia coefficient i.e. C ¼ 0.
The exact solution to the differential Eq. (21) satisfying the boundary conditions in Eq. (23) in the absence of local inertia coefficient is obtained as 
Substituting Eq. (24) in Eq. (21) gives the following fourth order algebraic equation for the characteristic parameter b with C ¼ 0
The velocity profile for both stretching and shrinking surface is obtained as
The corresponding four roots of Eq. (24) are analytically expressed, respectively as
It should be mentioned that a unique solution exists for stretching sheet (d = 1) as given by the fourth of Eq. (27) and also the dual solutions which are called lower and upper branch solutions exist for shrinking sheet (d = À1) given by third and fourth of Eq. (27) respectively.
Thus the non-dimensional velocity components are
The dimension velocity components are
The shear stress at the stretching sheet characterized by the skin friction coefficient C f , is given by
Fig (12), (20) , (24) and (29), the skin friction can be written as
where Re x ¼ xu w x ð Þ=v f is the local Reynolds number based on the stretching velocity u w x ð Þ and Re 
where the M is the hypergeometric function [29] defined as following
and
The quantity of practical interest, in this section the Nusselt number Nu x which is defined as
is the local surface heat flux.
Using (12) and (20) we obtain the following Nusselt number
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where Re À1=2 x Nu x is the reduced Nusselt number.
Numerical simulation of the flow field and heat transfer
The nonlinear ordinary differential Eqs. (21) and (22) along with the boundary conditions in Eq. (23) in the presence of local inertial coefficient and the stratification parameter form a two point boundary value problem and are solved using shooting method along with the fourth order Runge-Kutta scheme by converting it into an initial value problem. In this method we have to choose a suitable finite value of g ! 1, say g 1 . We set following first order system: 
To solve (36) with (37) as an initial value problem we must need the values for y 3 ð0Þ i.e. F 00 ð0Þ and y 5 ð0Þ i.e. h 0 ð0Þ but no such values are given. The initial guess values for F 00 ð0Þ and h 0 ð0Þ are chosen and the fourth order Runge-Kutta integration scheme is applied to obtain the solution. Then we compare the calculated values of F 0 ðgÞ and hðgÞ at g 1 with the given boundary conditions F 0 ðg 1 Þ ¼ 0 and hðg 1 Þ ¼ 0, and adjust the values of F 00 ð0Þ and h 0 ð0Þ using the shooting technique to give better approximation for the solution. The process is repeated until we get the results correct up to the desired accuracy of 10 À8 level, which fulfills the convergence criterion.
Results and discussion
To discuss the results, the numerical computations are carried out by employing the above numerical procedure for various values of pertinent parameters for Au-Water. In order to validate the present results, we have compared the values of ÀF 00 ð0Þ for stretching sheet and shrinking sheet solution b with those of Turkyilmazoglu [35] for a special case. The comparisons are found to be excellent (Tables 2a and 2b ). The effects of various physical parameters on F 00 ð0Þ and the temperature profile are analyzed through Figs. 1-8. for both stretching and shrinking sheets and the reduced Nusselt number is tabulated for different nanofluids in Tables 3a,3b,3c. Fig. 2 shows the variation of F 00 ð0Þ with suction/injection, first and second order slip parameters for both stretching (d = 1) and shrinking (d = À1) sheets. It is found that a unique solution exists for stretching sheet in both suction and injection cases and dual solutions (upper and lower branch) are obtained in shrinking sheet after a certain range of suction parameter. There are no solution existing for shrinking sheet in injection case. The F 00 ð0Þ values increase with s in stretching sheet and shrinking sheet lower branch solution cases and decrease in shrinking sheet upper branch solution case. The increasing values of first order slip parameter increase the values of F 00 ð0Þ in stretching sheet and decrease the same in shrinking sheet. The values of F 00 ð0Þ decrease as second order slip increases in stretching and shrinking sheet lower branch solution and increase with second order slip parameter in shrinking sheet upper branch solution. It is also seen that there exist critical values s c ð> 0Þ for suction. It should be mentioned that for 0 < s < s c the ordinary differential Eq. (21) has no solutions and the full Navier-Stokes and energy equations should be solved. The s c point decreases with first order slip parameter and increases with second order slip parameter.
The variations of F 00 ð0Þ with magnetic and porous medium parameters are shown in Figs. 3 and 4 respectively for both stretching and shrinking sheets. It is clear that the increasing values of magnetic (Fig. 3) and porous medium parameters (Fig. 4) increase the values of F 00 ð0Þ in stretching and shrinking sheet lower branch solution cases and decrease the F 00 ð0Þ values in shrinking sheet upper branch solution. The first and second order slip parameters have a same trend on F 00 ð0Þ as discussed in Fig. 2 .
The effects of nanoparticle volume fraction and the local inertia coefficient on F 00 ð0Þ with first and second order slip parameters are respectively displayed in Figs. 5 and 6. It is observed that the increasing values of nanoparticle volume fraction (Fig. 5 ) and local inertia coefficient (Fig. 6) increase the values of F 00 ð0Þ in stretching and shrinking sheet lower branch solution cases and decrease the F 00 ð0Þ in shrinking sheet upper branch solution. It is also observed from Fig. 6 , the shrinking sheet lower branch solution exists only up to certain value of local inertia coefficient (say C c ). It should be mentioned that the shrinking lower branch solution does not exist beyond C c . It is noted that C c decreases as fist order slip increases and C c increases as second order slip parameter increases.
The combined effect of first, second order slip and stratification parameters on the nanofluid temperature profile is elucidated in Fig. 7 . Stratification parameter is the ratio between the free stream temperature and the nanofluid surface temper- ature. The temperature profile of Au-Water decreases with the increasing values of stratification parameter in stretching sheet ( Fig. 7(a) ). The increase in stratification parameter indicates an increase in free stream temperature or reduction in fluid surface temperature. Thus the increase in stratification parameter leads to thinning of the thermal boundary layer. A similar trend has been observed in shrinking sheet upper branch solution ( Fig. 7(b) ). But the stratification parameter shows an opposing trend in shrinking sheet lower branch solution. The increasing values of first order slip parameter enhance the temperature profile in stretching and shrinking sheet lower branch solution and reduce the temperature in shrinking sheet upper branch solution. The presence of second order slip decreases the temperature profile in stretching sheet and shrinking sheet lower branch solution and increases in shrinking sheet upper branch solution.
The combined effect of magnetic, radiation and stratification parameters on the temperature of the Au-Water is shown in Fig. 8 . It is obvious that the increasing values of magnetic parameter lead to increase the thickness of nanothermal boundary layer in stretching and shrinking sheet lower branch solution ( Fig. 8(a) and (c) ). This is due to the fact that, when a transverse magnetic field is applied to an electrically conducting fluid, it gives rise to a resistive force, known as the Lorentz force. This force makes the fluid to experience a resistance by increasing the friction between its layers and due to which there is a decrease in velocity and concentration. The temperature increases in the boundary layer due to the Ohmic dissipation effect. But the thermal boundary layer thickness reduces in the presence of magnetic field in shrinking sheet upper branch solution (Fig. 8(c) ). It is interesting to note that the increasing values of magnetic parameter increase the temperature profile drastically in shrinking sheet lower branch solution case. The occurrence of radiation parameter always leads to thinning of the nanothermal boundary layer.
The combined effect of Eckert number and nanoparticle volume fraction parameter on the temperature profile is illustrated in Fig. 9 . It is noted that the increasing values of Eckert number lead to increase the temperature profile in both stretching ( Fig. 9(a) ) and shrinking sheets (Fig. 9(b) and (c) ). Due to the fact that the viscous dissipation produces heat due to drag between the nanofluid particles and this extra heat causes an increase in the initial fluid temperature. The presence of viscous dissipation leads to increase the nanothermal boundary layer thickness. The temperature profile increases with the increase in nanoparticle volume fraction in stretching sheet and shrinking upper branch solution case and an opposite trend has been noted in shrinking sheet lower branch solution case. The stratification parameter shows the same effect as discussed in Fig. 7 . 
Conclusion
We have studied the second order slip flow of a nanofluid over stretching/shrinking sheet embedded in a thermally stratified porous medium in the presence of viscous and Ohmic dissipations effects. The governing equations of the problem are converted into ordinary differential equations by using scaling transformations. The transformed equations are solved numerically by fourth order Runge-Kutta method with shooting technique. Following conclusions can be derived from the present results.
A unique solutions exist for stretching sheet in both suction and injection cases. Dual solutions are obtained beyond a suction critical point. The shrinking sheet solution does not exist in injection case. The increasing value of first order slip parameter decreases the suction critical point and the second order slip parameter shows an opposite effect on suction critical point. The lower branch solution exists only for the certain range of local inertia coefficient. The increasing value of first order slip parameter decreases the local inertia critical point and the second order slip parameter shows an opposite effect on local inertia critical point. The temperature profile increases in the presence of viscous dissipation in both stretching and shrinking sheets.
The increasing values of stratification parameter lead to thinning of the thermal boundary layer in stretching and shrinking sheet upper branch solution case and an opposite behavior is observed in shrinking sheet lower branch solution.
The presence of second order slip decreases the temperature profile in stretching sheet and shrinking sheet lower branch solution and increases in shrinking sheet upper branch solution.
The nanothermal boundary layer thickness increases in stretching and shrinking sheet lower branch solution and decreases in shrinking sheet upper branch solution in the presence of Ohmic dissipation. The existence of thermal radiation decreases the thermal boundary layer thickness in both stretching and shrinking sheets. 
